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Abstract 

In this paper, we consider a quasi-linear stochastic heat equation on [0, 1], with 
Dirichlet boundary conditions and controlled by the space-time white noise. We 
formally replace the random perturbation by a family of noisy inputs depending on 
a parameter n £ N such that approximate the white noise in some sense. Then, we 
provide sufficient conditions ensuring that the real- valued mild solution of the SPDE 
perturbed by this family of noises converges in law, in the space C([0, T] x [0, 1]) of 
continuous functions, to the solution of the white noise driven SPDE. Making use 
of a suitable continuous functional of the stochastic convolution term, we show that 
it suffices to tackle the linear problem. For this, we prove that the corresponding 
family of laws is tight and we identify the limit law by showing the convergence of the 
finite dimensional distributions. We have also considered two particular families of 
noises to that our result applies. The first one involves a Poisson process in the plane 
and has been motivated by a one-dimensional result of Stroock, which states that 
the family of processes n 

ft(-l)N(v?s) ds ^ where N 

is a standard Poisson process, 
converges in law to a Brownian motion. The second one is constructed in terms of 
the kernels associated to the extension of Donsker's theorem to the plane. 
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1 Introduction 



In the almost last three decades, there have been enormous advances in the study of ran- 
dom field solutions to stochastic partial differential equations (SPDEs) driven by general 
Brownian noises. The starting point of this theory was the seminal work by Walsh |36j . 
and most of the research developed thereafter has been mainly focused on the analysis of 
heat and wave equations perturbed by Gaussian white noises in time with a fairly gen- 
eral spatial correlation (see, for instance, [21 El EED, 131 ETj) . Notice also that some effort 
has been made to deal with SPDEs driven by fractional type noises (see, for instance, 

HSIE51E21E3I). 

Indeed, the motivation to consider these type of models in the above mentioned ref- 
erences has sometimes put together theoretical mathematical aspects and applications to 
some real situations. Let us mention that, for instance, different type of SPDEs provide 
suitable models in the study of growth population, some climate and oceanographical 
phenomenons, or some applications to mathematical finance (see [H], [21], PQ, [7], re- 
spectively). 

However, real noisy inputs are only approximately white and Gaussian, and what 
one usually does is to justify somehow that one can approximate the randomness acting 
on the system by a Gaussian white noise. This fact has been illustrated by Walsh in 
[55] , where a parabolic SPDE has been considered in order to model a discontinuous 
neurophysiological phenomenon. The noise considered in this article is determined by a 
Poisson point process and the author shows that, whenever the number of jumps increases 
and their size decreases, it approximates the so-called space-time white noise in the sense 
of convergence of the finite dimensional distributions. Then, the author proves that the 
solutions of the PDEs perturbed by these discrete noises converge in law (in the sense of 
finite dimensional distribution convergence) to the solution of the PDE perturbed by the 
space-time white noise. 

Let us now consider the following one- dimensional quasi-linear stochastic heat equa- 
tion: 

— (t,x)- — (t,x) = b(U(t,x))+W(t,x), {t,x) G [0,T] x [0,1], (1) 

where T > stands for a fixed time horizon, b : R — > R is a globally Lipschitz function 
and W is the formal notation for the space-time white noise. We impose some initial 
condition and boundary conditions of Dirichlet type, that is: 

U(0,x) = u (x), x G [0, 1], 

U(t,0) = U(t,l) = 0, t G [0,T], 

where uq : [0, 1] — > R is a continuous function. The random field solution to Equation (DO) 
will be denoted by U = {U(t,x), (t,x) G [0,T] x [0, 1]} and it is interpreted in the mild 
sense. More precisely, let {W(t,x), (t,x) G [0,T] x [0,1]} denote a Brownian sheet on 
[0,T] x [0,1], which we suppose to be defined in some probability space (CI, J 7 , P). For 
< t < T, let Tt be the cr-field generated by the random variables {^(s 
[0, t) x [0, 1]}, which can be conveniently completed, so that the resulting filtration {Tt, t > 
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0} satisfies the usual conditions. Then, a process U is a solution of ([T]) if it is jF t -adapted 
and the following stochastic integral equation is satisfied: 

U{t,x)= G t (x,y)u {y)dy + / G t - S (x,y) b(U(s,y))dyds 
Jo Jo Jo 

+ / / G t - s (x,y)W(ds,dy), a.s. (2) 
Jo Jo 

for all (t,x) G (0,T] x (0,1), where G denotes the Green function associated to the 
heat equation in [0, 1] with Dirichlet boundary conditions. We should mention that the 
stochastic integral in the right-hand side of Equation is a Wiener integral, which can 
be understood either in the sense of Walsh or in the framework of Da Prato and 
Zabczyk [12J. Besides, existence, uniqueness and pathwise continuity of the solution of 
(J2J) are a consequence of [361 Theorem 3.5]. 

The aim of our work is to prove that the mild solution of (0D) -which is given by the 
solution of ([2])- can be approximated in law, in the space C([0, T] x [0, 1]) of continuous 
functions, by the solution of 

dU d 2 U 

-^(t,x)--^(t,x) = b(U n (t,x)) + 9 n (t,x), (t, x) G [0, T] x [0, 1], (3) 

with initial condition uq and Dirichlet boundary conditions, where n G N. In this equation, 
9 n will be a noisy input that approximates the white noise W in the following sense: 

Hypothesis 1.1 The finite dimensional distributions of the processes 

ft PX 

£ n (t,x)= / 9 n (s,y)dyds, (t, x) G [0, T] x [0, 1], 
Jo Jo 

converge in law to those of the Brownian sheet 

Observe that, if the processes 9 n have square integrable paths, then the mild form of 
Equation (J^D is given by: 

U n {t,x)= G t {x,y)u (y)dy + / G t - S (x,y) b{U n {s,y))dyds 
Jo Jo Jo 

+ G t - S {x,y)9 n {s,y)dyds. (4) 
Jo Jo 

Standard arguments yield existence and uniqueness of solution for Equation (jl]) and, 
furthermore, as it will be detailed later on (see Section [3]), the solution U n has continuous 
trajectories a.s. 

In order to state the main result of the paper, let us consider the following hypothesis 
which, as it will be made explicit in the sequel, will play an essential role: 

Hypothesis 1.2 For some q G [2, 3), there exists a positive constant C such that, for 
any f G L"([0,T] x [0, 1]), it holds: 



E Uo So ^^ x "> 6n ^^ x "> dxdt ) ~ Cq i K So So ^^ X ^ Qdxdt 
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Hypothesis 1.3 There exist m > 8 and a positive constant C such that the following 
is satisfied: for all sq, s' q G [0, T] and Xo, x' G [0,1] satisfying < so < s' < 2s and 
< x < x' < 2x , and for any f G L 2 ([0, T] x [0, 1]), it holds: 



sup E 

n>l 



ii m / i i 

r s o r x o ( r s o r x o 

/ / f{s,y)O n {s,y)dyds < C I / / f(s,y) 2 dyds 

J so J xq \ J so J xn 



o J xo 



We remark that, in Hypothesis 11.21 the restriction on the parameter q will be due to 
the integrability properties of the Green function G. On the other hand, in the condition 
Sq < 2so (resp. x' Q < 2x$) of Hypothesis 11.31 the number 2 could be replaced by any 
k > 1. We are now in position to state our main result: 

Theorem 1.4 Let {9 n (t,x), (t,x) G [0,T] x [0,1]} ; n G N, be a family of stochastic 
processes such that 6 n G L 2 ([0,T] x [0,1]) a.s., and such that Hypothesis li.ifl and 
\1.3\ are satisfied. Moreover, assume that uo : [0, 1] — > E is continuous and b : R — > E is 
Lipschitz. 

Then, the family of stochastic processes {U n , n > 1} defined as the mild solutions of 
Equation converges in law, in the space C([0,T] x [0,1]), to the mild solution U of 
Equation (QJ). 

Let us point out that, as we will see in Section [3J Theorem 11.41 will be almost an 
immediate consequence of the analogous result when taking null initial condition and 
nonlinear term (see Theorem 13.51) . Thus, the essential part of the paper will be concerned 
to prove the convergence in law, in the space C([0, T] x [0, 1]), of the solution of 

dX d 2 X 

-Qffax) - -q^T^ x ) = 6 ^ x ^ G M x ( 5 ) 

with vanishing initial data and Dirichlet boundary conditions, towards the solution of 
dX d 2 X 

— (t,x) - -Q^fax) = W(t,x), (t,x) G [0,T] x [0, 1]. (6) 

Observe that the mild solution of Equations (jSJ) and ([6]) can be explicitly written as, 
respectively, 

X n (t,x) =\l G t ^ s (x,y)9 n (s,y) dyds, (t,x) G [0,T] x [0,1], (7) 



o 



and 



X(t,x) =\\ G t ^ s {x,y)W{ds,dy), (t,x) G [0,T] x [0,1], 
Jo Jo 



where the latter defines a centered Gaussian process. 

An important part of the work is also devoted to check that two interesting particular 
families of noises verify the hypotheses of Theorem 11.41 More precisely, consider the 
following processes: 
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1. The Kac-Stroock processes on the plane: 



9 n (t,x) = nVt^(-l) Nn{t ' x \ (9) 

where N n (t,x) := N(y/nt, y/nx), and {N(t,x), (t,x) G [0, T] x [0,1]} is a standard 
Poisson process in the plane. 

2. The Donsker kernels: Let fc G N 2 } be an independent family of identically 
distributed and centered random variables, with E(Z%) = 1 for all k G N 2 , and such 
that E(\Zf.\ m ) < +oo for all I; 6 N 2 and some sufficiently large m G N. For any 
n G N, we define the kernels 

n (t,x)=n ^2 Z k ■ l[fei-i,F)x[fe2-i,fc2)(*n,OT), (t,x) G [0,T] x [0, 1]. (10) 
fc=(fc 1 ,fc 2 )eN 2 



In the case where # n are the Kac-Stroock processes, it has been proved in [5] that the 
family of processes 

ft PX 

( n (t,x)= / / 9 n (s,y)dsdy, n G N, 
Jo Jo 

converge in law, in the space of continuous functions C([0,1] 2 ), to the Brownian sheet. 
This result has been inspired by its one- dimensional counterpart, which is due to Stroock 
[3T] and states that the family of processes 



Y e (t) = - [\-l) N ^ds,te[0,l],e>0, 
£ Jo 



where iV stands for a standard Poisson process, converges in law in C([0, 1]) , as e tends to 
0, to the standard Brownian motion. Moreover, it is worth mentioning that Kac (see [22] ) 
already considered this kind of processes in order to write the solution of the telegrapher's 
equation in terms of a Poisson process. 

On the other hand, when 9 n are the Donsker kernels, the convergence in law, in the 
space of continuous functions, of the processes 



ft PX 

/ / n (s,y)dsdy, n G N, 
Jo Jo 



to the Brownian sheet is a consequence of the extension of Donsker's theorem to the plane 
(see, for instance, 



We should mention at this point that the motivation behind our results has also been 
considered by Manthey in [21] and [25J . Indeed, in the former paper, the author considers 
Equation with a family of correlated noises {9 n , n G N} whose integral processes 

9 n (s,y) dyds, 



o 



converge in law (in the sense of finite dimensional distribution convergence) to the Brow- 
nian sheet. Then, sufficient conditions on the noise processes are specified under which 
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the solution X n of (jSJ) converges in law, in the sense of the finite dimensional distribution 
convergence, to the solution of (E]). Moreover, it has also been proved that, whenever 
the noisy processes are Gaussian, the convergence in law holds in the space of continuous 
functions too; these results have been extended to the quasi-linear equation (ED in [25] . 
In this sense, let us mention that, in an Appendix and for the sake of completeness, we 
have added a brief explanation of Manthey's method and showed that his results do not 
apply to the examples of noisy inputs that we are considering in the paper. 

Let us also remark that recently there has been an increasing interest in the study 
of weak approximation for several classes of SPDEs (see [T5l HE]). In these references, 
the methods for obtaining the corresponding approximation sequences are based on dis- 
cretisation schemes for the differential operator driving the equation, and the rate of 
convergence of the weak approximations is analysed. Hence, this latter framework differs 
significantly from the setting that we have described above. On the other hand, we notice 
that weak convergence for some classes of SPDEs driven by the Donsker kernels have 
been considered in the literature; namely, a reduced hyperbolic equation on -which is 
essentially equivalent to a one-dimensional stochastic wave equation- has been considered 
in 0, [T7] , while in [32] , the author deals with a stochastic elliptic equation with non- linear 
drift. Furthermore, in [31], weak convergence of Wong-Zakai approximations for stochas- 
tic evolution equations driven by a finite-dimensional Wiener process has been studied. 
Eventually, it is worth commenting that other type of problems concerning SPDEs driven 
by Poisson-type noises have been considered e.g. in [TgJ [201 [231 12H1 130] . 

The paper is organised as follows. In Section [21 we will present some preliminaries on 
Equation (CQ), its linear form ([6]) and some general results on weak convergence. In Section 
El we prove the results of convergence for equations (EI) and (OQ), so that we end up with 
the proof of Theorem 11.41 The proof of the fact that the Kac-Stroock processes satisfy 
the hypotheses of Theorem 11.41 will be carried out in Section HI while the analysis in the 
case of the Donsker kernels will be performed at Section Finally, we add an Appendix 



where we give the proof of Lemma 12.31 and relate our results with those of Manthey ( |24j . 



As it has been explained in the Introduction, we are concerned with the mild solution of 
the formally- written quasi-linear stochastic heat equation (CQ). That is, we consider a real- 
valued stochastic process {U(t, x), (t, x) G [0, T] x [0, 1]}, which we assume to be adapted 
with respect to the natural filtration generated by the Brownian sheet on [0, T] x [0, 1], 
such that the following integral equation is satisfied (see (J2D): for all {t, x) G [0, T] x [0, 1], 



Jo Jo 

where we recall that G t (x, y), (t, x, y) G M + x (0, l) 2 , denotes the Green function associated 
to the heat equation on [0, 1] with Dirichlet boundary conditions. Explicit formulas for 



25]). 



2 Preliminaries 




(ii) 
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G are well-known, namely: 



_ . . 1 / (x-y-2n) 2 (x + y-2n) 2 \ 



n=— oo 

or 

oo 

Gt(x, y) = 2 sin(rarx) sin(mr?/)e~ n27r2< . 

71=1 

Moreover, it holds that 



0<G t (x,y) < -^e-^, t>0, x,y G [0,1]. 

We have already commented in the Introduction that, in order to prove Theorem 
11.41 we will restrict our analysis to the linear version of Equation (JT]), which is given by 
(jnj). Hence, let us consider for the moment X = {X(t, x), (t,x) G [0, T] x [0,1]} to be 
the mild solution of Equation with vanishing initial conditions and Dirichlet boundary 
conditions. This can be explicitly written as (jHJ). Notice that, for any (i, x) G (0, T] x (0, 1), 
X(t,x) defines a centered Gaussian random variable with variance 

t r l 



E(X(t,x) 2 )= [ [ G t _ s (x,y) 2 dyds. 
Jo Jo 



Indeed, by (iii) in Lemma \2. 1 1 below, it holds that E(X(t, x) 2 ) < Ctz , where the constant 
C > does not depend on x. 

In the sequel, we will make use of the following result, which is a quotation of [31 
Lemma B.l]: 

Lemma 2.1 (i) Let a G (|, 3). Then, for all t G [0, T] and x, y G [0, 1], 

t rl 

\G t - 8 (x, z) - Gt- 8 (y, z)\ a dzds < C\x - y^ . 



JO 



(ii) Let a G (1, 3). Then, for all s,t G [0, T] such that s < t and x G [0, 1], 



s r i 



\G t - r (x,y) - G s - r (x,y)\ a dydr < C(t - s) 2 



>0 JO 

(iii) Under the same hypothesis as (ii), 



t rl 

\G t - r {x,y)\ a dydr<C{t-s)^r 



s JO 



Let us recall that we aim to prove that the process X can be approximated in law, in 
the space C([0, T] x [0, 1]), by the family of stochastic processes 

X n (t,x)= [ I G t - S (x,y)6 n (s,y) dyds, (t,x) G [0,T] x [0,1], n > 1, (12) 
Jo Jo 



where the processes 6 n satisfy certain conditions. 

In order to prove this convergence in law, we will make use of the following two general 
results. The first one (Theorem 12.21) is a tightness criterium on the plane that generalizes 
a well-known theorem of Billingsley; it can be found in [381 Proposition 2.3], where it 
is proved that the hypotheses considered in the result are stronger than those of the 
commonly- used criterium of Centsov [TU] . The second one (Lemma 12 .3|) will be used to 
prove the convergence of the finite dimensional distributions of X n ; though it can be found 
around in the literature, we have not been able to find an explicit proof, so that, for the 
sake of completeness, we will sketch it in the Appendix. 

Theorem 2.2 Let {X n , n G N} be a family of random variables taking values mC([0,T]x 
[0, 1]). The family of the laws of {X n , n G N} is tight if there exist p',p > 0, 5 > 2 and a 
constant C such that 

sup£|X n (0,0)| p ' < oo 

n>l 

and, for every t, t! G [0, T] and x, x' G [0, 1], 

swpE\X n (t',x') -X n (t,x)\ p < C(\x'-x\ + \t'-t\) S . 

n>l 

Lemma 2.3 Let (F, || ■ ||) be a normed space and {J n , n G N} and J linear maps de- 
fined on F and taking values in the space L°(Q) of almost surely finite random variables. 
Assume that there exists a positive constant C such that, for any f G F, 

sup E\J n (f)\ <C\\f\\ and (13) 

n>l 

£W)|<C||/||, (14) 

and that, for some dense subspace D of F, it holds that J n (f) converges in law to J(f), 
as n tends to infinity, for all f G D. 

Then, the sequence of random variables {</"(/), n G N} converges in law to J(f), for 
any f G F. 

Eventually, for any real function X defined on K+, and (t,x), (t',x') G such that 
t < t' and x < x', we will use the notation A t}X X(t', x') for the increment of X over the 
rectangle (t,t'] x (x,x']: 

A t:X X(t', x') = X(t', x ) - X(t, x ) - X(t', x) + X(t, x). 

3 Proof of the general result 

This section is devoted to prove Theorem 11.41 For this, as we have already mentioned, it 
is convenient to consider, first, the linear equation ([U]) together with its mild solution (jSJ). 

The first step consists in establishing sufficient conditions for a family of processes 
{9 n , n G N} in order that the approximation processes X n (see ( fi~2l ) converge, in the 
sense of finite dimensional distributions, to X, the solution of (JSj) : 

X(t,x)= [ [ G t - s (x,y)W(ds,dy). (15) 
Jo Jo 
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Proposition 3.1 Let {9 n (t,x), (t,x) G [0,T] x [0,1]}, n <E N, be a family of stochastic 
processes such that 9 n G L 2 ([0,T] x [0, 1]) a.s. and such that Hypothesis li.il and \l.S\ are 
satisfied. 

Then, the finite dimensional distributions of the processes X n given by [IE) converge, 
as n tends to infinity, to those of the process defined by / Ti3]) . 

Proof: We will apply Lemma [2731 to the following setting: let q G [2, 3) as in Hypothesis 
11.21 and consider the normed space (F := L q ([0,T] x [0, 1]), || • || 9 ), where || • \\ q denotes the 
standard norm in L q ([0,T] x [0, 1]). Set 

jn (f) ■= / / f(s,y)9 n (s,y)dyds, and 
Jo Jo 

J(f) : = / / f(s,y)W(ds,dy), feF. 
Jo Jo 

Then, J n and J define linear applications on F and, by Hypothesis 11.21 it holds that 

su P E\J n (f)\ <C\\f\\ q , 

n>l 

for all / G L q ([0,T] x [0, 1]). The isometry of the Wiener integral gives also that 

£|J(/)|<C||/|| 9! 

for all / G L q ([0,T] x [0, 1]). Moreover, the set D of elementary functions of the form 

fc-i 

f(t,x) = 5^/il(* ij t i+ i](*)l(x i ,x i+ i](a;) > (16) 

with k > 1, fi G R, = to < ti < ■ ■ ■ < tk = T and = Xq < X\ < ■ ■ ■ < Xk — 1, is dense 
m(F,\\-\\ q ). 

On the other hand, the finite dimensional distributions of X n converge to those of X 
if, and only if, for all m > 1, a u . . . , a m G R, (s 1 ,y 1 ),..., (s m , y m ) G [0, T] x [0, 1], the 
following convergence in law holds: 

m m 

y^ajXnis^yj) y2ajX(sj,yj). (17) 

3=1 3=1 

This is equivalent to have that J n (K) = J Q T K(s, y)9 n (s, y) dyds converges in law, as n 
tends to infinity, to J Q T J* K(s, y)W(ds, dy), where 

m 

K(s,y) := ^a j l [0 , aj ](s)G 8j _ 8 (j/ i ,j/). 

3=1 

By Lemma [2~T1 (iii). the function K belongs to L q ([0, T] x [0, 1]). Hence, owing to Lemma 
12.31 in order to obtain the convergence (TTT1) . it suffices to prove that J n (f) converges in 
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law to J(f) = J J Q f(s,y)W(ds,dy), for every elementary function / of the form (TTB]) . 
In fact, if / is such a function, observe that we have 

fc-i 

i=0 

and this random variable converges in law, as n tends to infinity, to 

/ / W(<fc,dy) = / / f(s,y)W(ds,dy), 

i=0 Jti Jxi JO JO 

because the finite dimensional distributions of Cn converge to those of the Brownian sheet. 
□ 

Let us now provide sufficient conditions on 6 n in order that the family of laws of the 
processes X n is tight in C([0,T] x [0, 1]). 

Proposition 3.2 Let {6 n (t,x), (t,x) G [0,T] x [0,1]}, n G N, be a family of stochastic 
processes such that 6 n G L 2 ([0,T] x [0, 1]) a.s. Suppose that Hypothesis \1.3\ is satisfied. 

Then, the process X n defined in {Tty) possesses a version with continuous paths and 
the family of the laws of {X n , n G N} is tight in C([0, T] x [0, 1]). 

Proof: It suffices to prove that 

supE[X n (t',x') -X n (t,x)} m < C[\x' -x\ ma + \t' -t\^}, (18) 

n>l 

for all a G (0,|), t,t' G [0,T] and x,x' G [0,1]. Indeed, if m > 8, then it can be found 
a G (0, |) such that > 2 and we obtain the existence of a continuous version of each 
X n from Kolmogorov's continuity criterium in the plane. Furthermore, by Theorem 12. 2\ 
we also obtain the tightness of the laws of X n in C([0, T] x [0, 1]). 

Set H(t,x; s,y) := l[ 0it ]( s )Gt- s (x, y)- We will need to estimate the moment of order 
m, for some m > 8, of the quantity 

X n (t',x') - X n (t,x) = / / [H(t',x';s,y)-H(t J x;s,y)}6 n (s,y)dyds, 

Jo Jo 

for t, £' G [0,T] and G [0,1]. Moreover, the right-hand side of the above equality 
can be written in the form A 0i o^n(^ 1) ; where the process Y n , which indeed depends on 
defined by 

Y n (s ,x Q ):= / / [H(t',x';s,y) - H(t,x; s,y)]9 n (s,y) dyds, (s ,x ) G [0,T] x [0,1]. 
Jo Jo 

Hence, inequality ( [181) is equivalent to prove that 

E(A 0fi Y n (T, l)) m < C[\x' - x\ ma + \t' - t\^], 



Xi+1 



9 n (s,y) dyds, 
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for all a G (0, ~) and n > 1. By [HI Lemma 3.2] (in the statement of this lemma, it is 
supposed that m is an even integer number, but this assumption is not used in its proof), 
it suffices to prove that there exist 7 > and C > such that, for all sq, s' q G [0, T] and 
xo, x' G [0, 1] satisfying < so < s' < 2s and < x < x' Q < 2x , then 

supE(A SOiXo Y n (s' ,x' )) m < C [\f - t\ ma + \x' - x\^] (s' - s ) m7 (x[, - x ) m \ (19) 



n>l 



By Hypothesis 11.31 for the particular case of f(s,y) = H(t',x'; s,y) — H(t,x;s,y), we 
obtain 



sup£(A so , xo y n (44)r 

n>l 

<c(J J l ls0jS > o] (s)l [x0)X > o] (y)\H(t',x';s,y) - H(t,x; s,y)\ 2 dyds 

Let p G (1, |) and q > 1 such that ~ + ~ = 1- Then, by Holder's inequality and the 
definition of H, 

su P E(A SOiXO Y n (s' ,x' )r 

n>l 

T 1 ~ T 1 ~ 

<C[ / l [s0tS > Q] (s)l [x0tX > o] (y)dyds) ( / \H{t' , x'\ s,y) - H(t,x; s,y)\ 2p dyds 



'0 Jo / \Jo Jo 

< C(x' - x )^(s - s )*i 



X 



/ / \G t ,- 8 {x',y)-Gt- a {x,y)\ 2p d y ds+ [ [ \G t ^ s (x' ,y)\ 2p dyds 
Jo Jo Jt Jo j 

(20) 

By Lemma 12.11 the last term in the right-hand side of (!20l) can be bounded, up to some 
constant, by 



x — x' 



/|3-2p 



,, 3-2p \ Wj _ /, m(3-2p) m(3-2p) 

+ \t - 1' 2 <C 1- x' 2p + t - 1 4 f 



Therefore, if we plug this bound in ( l20i) and we take a = and 7 = f-, then we have 



proved (|T9l) . because p G (1, |) is arbitrary. □ 

Remark 3.3 As it can be deduced from the first part of the proof of Proposition \3.2[ 
the restriction m > 8 has to be considered in order to be able to apply Theorem \2.B and 
Kolmogorov's continuity criterium. 

As a consequence of Propositions 13.11 and 13.21 we can state the following result on 
convergence in law for the processes X n : 

Theorem 3.4 Let {9 n (t,x), (t,x) G [0,T] x [0,1]} ; n G N ; be a family of stochastic 
processes such that 9 n G L 2 ([0,T] x [0, 1]) a.s. Assume that Hypothesis \1.S\ and \1.3\ 
are satisfied. 

Then, the family of stochastic processes {X n , n > 1} defined in [Wi) converges in law, 
as n tends to infinity in the space C([0,T] x [0,1]) ; to the Gaussian process X given by 

m 
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We can eventually extend the above result to the quasi-linear Equation (pQ), so that 
we end up with the proof of Theorem 11.41 This will be an immediate consequence of the 
above theorem and the next general result: 

Theorem 3.5 Let {9 n (t,x), (t,x) E [0,T] x [0,1]} ; n E N, be a family of stochastic 
processes such that 9 n E L 2 ([0, T] x [0, 1]) a.s. Assume that uq : [0, 1] — > R is a continuous 
function and b : K — > R is Lipschitz. Moreover, suppose that the family of stochastic 
processes {X n , n > 1} defined in KTW) converges in law, as n tends to infinity in the space 
C([0,T] x [0, 1]), to the Gaussian process X given by 173]) . 

Then, the family of stochastic processes {U n , n > 1} defined as the mild solutions of 
Equation (Ej) converges in law, in the space C([0,T] x [0,1]), to the mild solution U of 
Equation (UJ). 

Proof: Let us first recall that we denote by U — {U(t,x), (t,x) E [0,T] x [0,1]} the 
unique mild solution of Equation (pQ) , which means that U fulfils 

U(t,x)= G t (x,y)u (y)dy+ / G t - a (x,y) b(U(s,y))dyds 
Jo Jo Jo 

+ 11 G t - s {x,y)W{ds,dy), a.s. 
Jo Jo 

The approximation sequence is denoted by {U n , n E N}, where U n = {U n (t,x), (t,x) E 
[0,T] x [0, 1]} is a stochastic process satisfying 

U n (t,x)= G t (x,y)u (y)dy+ / G t - a (x,y) b(U n (s,y))dyds 
Jo Jo Jo 

+ G t - S (x,y)6 n (s,y)dyds, a.s. 
Jo Jo 

where the noisy input 9 n has square integrable paths, a.s. 

Using the properties of the Green function (see Lemma 12. ip . the fact that 6 n E 
L 2 ([0,T] x [0,1]) a.s., together with a Gronwall-type argument, we obtain that U n has 
continuous paths a.s., for all n E N. 

Next, for each continuous function r\ : [0, T] x [0,1] — > R, consider the following 
(deterministic) integral equation: 

z v (t,s)= / G t {x,y)u {y)dy + / / G t - a (x,y) b{z v (s,y))dyds + rj(t,x). 
Jo Jo Jo 

As before, by the properties of G and the assumptions on uq and b, it can be checked that 
this equation possesses a unique continuous solution. 
Now, we will prove that the map 

^:C([0,T]x[0,l])^C([0,T]x[0,l]) 

V ► Zr, 



12 



is continuous with respect to the usual topology on this space. Indeed, given rji, 7] 2 G 
C([0,T] x [0, 1]), we have that 

\z Vl (t,x) - z V2 (t,x)\ 

< G t -s(x,y) \b(z vi (s,y)) - b(z m (s,y))\ dyds + \m(t,x) - rh(t,x)\ 

Jo Jo 

<L / G t - S (x,y) \z vi (s,y) - z V2 (s,y)\ dyds + \vi(t,x) - r]2(t,x)\, (21) 
Jo Jo 

where L is the Lipschitz constant of the function b. 

For a given / G C([0,T] x [0, 1]), we introduce the following norms: 

ll/llt= max 

s£[0,t],x£[0, 1] 

By using this notation, we deduce that inequality ( I2T1) implies that, for any t e [0,T], 

II ^ -z \\ t <L [ G(t-s) \\z -z m \\ s ds+ \\vi-V2\\ T , 
Jo 

where 

— f 1 f 1 1 (*-y) 2 

G(s) := sup / G s (x,y)dy < sup / e 4s dy<C. 

x€[0,l]Jo xe[o,i]Jo v27rs 

Applying now Gronwall's lemma, we obtain that there exists a finite constant A > such 
that 

\\z m -z m \\ T < A\\-q x -r]2\\ T , 

and, therefore, the map tp is continuous. 
Consider now ^ ^ 

X n (t,a;)= / / G t -s(x,y)8 n (s,y)dyds 
Jo Jo 

and 



X(t,x)= [ [ G t -.(x,y)W(ds,dy). 
Jo Jo 



By hypothesis, we have that X n converges in law in C([0, T] x [0, 1]) to X, as n goes to 
infinity. On the other hand, we have 

U n = tP{X n ) and U = ^(X), 

and hence the continuity of ip implies the convergence in law of U n to U in C([0, T] x [0, 1]). 
□ 
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4 Convergence in law for the Kac-Stroock processes 

This section is devoted to prove that the hypotheses of Theorem 11.41 are satisfied in the 
case where the approximation family is defined in terms of the Kac-Stroock process 9 n 
set up in (jHj). That is, 

X n (t,x)=n f [ G t _ s (x,y)^y(-1) N ^ dyds. (22) 
Jo Jo 

First, we notice that Hypothesis 11.11 has been proved in [5]. 

The following proposition states that Hypothesis 11.21 is satisfied in this particular 
situation. 

Proposition 4.1 Let 8 n be the Kac-Strock processes. Then, for all p > 1, there exists a 
positive constant C p such that 

E (L Jo ^^ x ^^ x "> dxdt ) / \f{t,x)\ 2p dxdty , (23) 

for any f E L 2p ([0,T] x [0, 1]) and alln>l. 

The proof of this proposition is based on the following technical lemma: 

Lemma 4.2 Let f 6 L 2 ([0,T] x [0, 1]) and a > 1. Then, for any u,u' G (0,1) satisfying 
that < u < u' < 2 a u, 

eIJ J f(t,x)6 n (t,x)dxdtj <-(2 a+1 -l)j J f 2 (t,x)dxdt, 

for all n > 1 . 

Proof: First, we observe that 

T r v! \ 2 r T r v! r T 

,2 



E ( / / f(t,x)6 n (t,x)dxdt\ =2n / / / / fih, Xi)f(t 2 , x 2 )y/ht 2 x 1 x 2 

'0 Ju J Jo Ju Jo Ju 

x E [(_i)*»(*i.*i)+;Mfc,*»)] l {ti < t2} dx 2 dt 2 dx 1 dt 1 . 

(24) 

The expectation appearing in (124p can be computed as it has been done in the proof of 
[6l Lemma 3.1] (see also 0, Lemma 3.2]). More precisely, one writes the sum N n (t%, xi) + 
N n (t 2 ,x 2 ) as a suitable sum of rectangular increments of N n and applies that, if Z has a 
Poisson distribution with parameter A, then E [(— l) z ] = exp(— 2A). Hence, the term in 
the right-hand side of ( |24l admits a decomposition of the form I\ + 1 2 , where 



pT pu' rT r-u' 

h=2n 2 / / / %i)f(t 2 , x 2 )^/tit 2 x 1 x 2 

Jo Ju Jo Ju 

x exp {-2n[(t 2 - h)x 2 + (x 2 - Xi)ti]} l{ tl <t 2 }l{ Xl < X2 }dx 2 dt 2 dxidti, 
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pT pu 1 pT pu' 

I 2 =2n 2 / / / x i)f(h, x 2 )\ / t 1 t 2 x 1 x 2 

JO Ju JO Ju 

x exp {-2n[(t 2 - t 1 )x 2 + {x 1 - x 2 )t 1 ]} l {tl < t ^l {x2 < Xl }dx 2 dt 2 dx 1 dt 1 . 

Let us apply the inequality ab < \(a 2 + b 2 ), a, b G R, so that we have ii < In + 7i 2 , where 
the latter terms are defined by 

pT pu' pT pu' 

hi =n 2 / / / f 2 (t 1 ,x 1 )t 1 x 1 

Jo Ju Jo Ju 

x exp {-2n[(t 2 - h)x 2 + (x 2 - x^h]} l {tl < t2 yl {xi < X2 ydx 2 dt 2 dx 1 dt 1 , 



rT pu' pT pu' 

hi =n 2 I III f(h,x 2 )t 2 x 2 

Jo Ju Jo Ju 

x exp {-2n[(t 2 - t 1 )x 2 + (x 2 - x^h]} l {tl < t2 yl {xi < X2 ydx 2 dt 2 dx 1 dt 1 . 

In order to deal with the term hi, we will use the fact that exp{— 2n(t 2 — ti)x 2 } < 
exp{— 2n(t 2 — ti)xi}, for x\ < x 2 , and then integrate with respect to t 2 ,x 2 . Thus 

pT pu' pT pu' 

hi<n 2 / / / f(t 1 ,x 1 )t 1 x 1 

Jo Ju Jo Ju 

x exp {-2n[(t 2 - h)x 1 + (x 2 - Xifh}} l{ tl < t2 yl{ Xl < X2 ydx 2 dt 2 dx 1 dti 
< 7 / / f(t 1 ,x 1 )dx 1 dt 1 . (25) 

4 Jo Ju 

Concerning the term h 2 , we use similar arguments as before and, moreover, we apply the 
fact that, for Xi,x 2 G [u,u'), then x 2 < 2 a x\. Hence 



pT pu pT pw 

/ / / / f(t 2 ,X 2 )t 2 X 2 
Jo Ju Jo Ju 



I 12 < n 2 



x exp {-2n[(t 2 - t^Xi + (x 2 - xi)t 2 }} l {tl < t2 yl {xi < X2 ydx 2 dt 2 dx 1 dt 1 

r-T r u' rT ru' 

< 



pi pu pi pu 

2 a n 2 / / / f 2 (t 2 ,x 2 )t 2Xl 

Jo Ju Jo Ju 



X exp {-2n[(t 2 - t^Xx + (x 2 - Xi)t 2 ]} l{ tl <t 2 yl{xi<X2}dX2dt 2 dXidt 



r*T pU 

<2 a - 2 I / f 2 {t 2 ,x 2 )dx 2 dt 2 . (26) 

Jo Ju 

The analysis of the term I 2 is slightly more involved. Namely, notice first that I 2 < 
hi + hi, where 

r T r u' r T 

,2 



hi=n / / / / (£i,xi)£ixi 
Jo Jti Jo Ju 

x exp {-2ra[(t 2 - ^1)^2 + (a?i - a^i]} l{ tl <t 2 y1{x 2 <x 1 }dx 2 dt 2 dx 1 dt 1 , 
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pT pu' pT pu' 

hi =n 2 / / / / f 2 ( t 2,x 2 )t 2 x 2 

JO Ju JO Ju 

x exp {-2n[(t 2 - h)x 2 + (xi - x 2 )tx]} l{ tl < t2 }l{ X2 < Xl }dx 2 dt 2 dx 1 dt 1 . 

For the term I 12 , we simply use that, by hypothesis, X\ < 2 a x 2 , and we integrate with 
respect to t 2 ,x 2 , so that we end up with 

pT pu' pT pu 1 

hi<2 a n 2 / / / f(t 1 ,x 1 )t 1 x 2 

Jo Ju Jo Ju 

x exp {-2n[(t 2 - ti)x 2 + {x t - x 2 )t 1 ]} l{ tl < t2 }l {x2 < ai }dx 2 ^ 2 cfeid£i 
<2 a - 2 f [ U f(t 1 ,x 1 )dx 1 dt 1 . (27) 

Jo Ju 

The term I 22 is much more delicate. Namely, taking into account the integration's region 
in I 22 as well as the fact that x\ — x 2 < (2 a — l)x 2 (because x\ < 2 a x 2 ), it holds 

1 1 

2{t 2 - ti)x 2 + 2(xi - x 2 )ti > (t 2 - t x )x 2 + 2a _ - (t 2 - fi)(zi - x 2 ) + 2q _ (x x - x 2 )ti 

= (h - ti)x 2 + 2q — - (xi - x 2 )t 2 . 

Therefore, 

/*T /'ti' /*T pu 1 

h2<n 2 / / / f 2 (t 2 ,x 2 )t 2 x 2 

Jo Ju Jo Ju 

x exp |-n[(t 2 - h)x 2 + ^ ^ - (xi - x 2 )t 2 ] j l{ tl <t 2 }l {K2 < Xl} dx 2 <ft 2 efoi^i 
<(2 a -l) / f 2 (t 2 ,x 2 )dx 2 dt 2 , (28) 



JO Ju 

where the latter expression has been obtained after integrating with respect to t\, x\. 
We conclude the proof by putting together (|2"5]) - (I2"8]) . □ 

Proof of Proposition \J^T\ Let us consider the following dyadic-type partition of (0, 1]: 

oo 

(0, 1] = {J(a k+1 ,a k ], 

k=0 

with a k = 2^r, for some a > 1. In particular, observe that a k — a k +i = 2 2 k+i) a an d we are 
in position to apply Lemma [4.21 for all k > 0, 

/*T pa k \ q Z*? 1 r&k 

E\ I / /(t,x)0 n (t,x)dx<ft <-(2 a+1 -l)/ / f(t,x) 2 dxdt. 

Ja k+1 J ^° ^ a fc+l 
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Therefore, we have the following estimations: 

/ fT pi \ 2 / 00 pT pa k 

El / f(t,x)9 n (t,x)dxdt) =E\y2 / f(t,x)9 n (t,x)dxdt 

\Jo JO J \ k=0 Jo Ja k+1 

<J22 k+1 Ei / f{t,x)9 n {t,x)dxdt 
< ^(2 a+1 - l)^2 fc+1 f f " f(t,x) 2 dxdt. (29) 



! I 

291) can be bounded by 



Let p, g > 1 be such that - + - = 1. Then, applying Holder's inequality, the last term of 



1 

T pa k \ P i 

\f(t,x)\ 2p dxdt) {a k -a k+1 )~i 



(2 a+1 -l)^2 fc+1 / / 

k=0 V° ^ a k+l 

< ^ - 1) (j^ |/(f,a;)|* dxdt) * 



fc=0 



o / fT fl \ p I 

< j( 2*'-i) ( 2--i) ; (jf jf |/(t,«)|*d**J E^STTyfin) (30) 

and this series is convergent whenever we take a such that a > q. Hence, expression (1301) 
may be bounded by 

x 1 

l^ 1 ~ 1} ^F^ (jf jf l/MI* " . 

which implies that the proof is complete. □ 



Remark 4.3 It is worth noticing that, in the statement of Proposition hjjj we have not 
been able to obtain the validity of the result for p = 1. Indeed, as it can be deduced from 
its proof, the constant C p in (d3|) blows up when p — > 1 (because q — > 00, so a — > 00). 

By Proposition 13.11 a consequence of Proposition 14.11 is that the finite dimensional 
distributions of X n (see (122"]) ) converge, as n tends to infinity, to those of 

't pi 



X(t,x)= [ [ G t _ s (x,y)W(ds,dy). 
Jo Jo 



In order to prove that Theorem 11.41 applies for the Kac-Stroock processes, it only 
remains to verify that Hypothesis 11.31 is satisfied. In fact, this is given by the following 
result: 
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Proposition 4.4 Let 8 n be the Kac-Stroock kernels. Then, for any even m G N, there 
exists a positive constant C m such that, for all so, s' G [0, T] and xo, x' Q G [0, 1] satisfying 
< s < s f < 2so and < x < x' < 2xo, we have that 

( r s 'o r x 'o \ m ( r s 'o r x 'o 

supEl / f(s,y)6 n {s,y)dyds\ < C m / / f(s,y) 2 dyds 

n>l \Js,) Jxn I \ J so Jxn 



for any f G L 2 ([0,T] x [0,1]). 
Proof: To begin with, define 



Z n (s ,x ):= I / f(s,y)9 n (s,y)dyds 



JO 



and observe that we can apply the same arguments as in the proof of [HI Lemma 3.3] (see 
p. 324 therein) in order to obtain the following estimate: 

E(A S0!XQ Z n (s' ,x' )) m <m\n m / I T (l[ So , fl y {s i )l [xo ^(y i )f(s l , yi)y/s~yl) 

</[0,T] m x[0,l] m i=1 

x exp {-n[(s m - s m _i)y( m _i) H h (s 2 - 

x exp {-n[(y {m) - y (m _i))s m _i H h (t/( 2 ) - 2/(i))si]} 

x l{ sl <...< Sm }(/si • • • ds m dyi ■ ■ ■ dy m , 

where y^, . . . , ?/( m ) denote the variables y±, . . . , y m ordered increasingly. Hence 

E(A SOjXO Z n (s' ,x' )) m <2 m (s x )fm\n m / FT (l M (sOWj %)) 

V[0,T] m x[0,l] m i=1 

x exp {-ra [(s m - s m _i) H h (s 2 - si)}} 

x exp {-ns Q [(|/( TO ) - y {m -i)) + ■■• + (y(2) ~ V(i))]} 

x l {si <...< Sm} ds 1 ■ ■ ■ ds m dyi ■ ■ ■ dy m . (31) 

Notice that in (13T1) we have not been able to order the variables yi,...,y m , because 
neither the function (s, y) i-> /(s, y) factorizes nor (y t . . . , y m ) i-> /(s x , • • • /(s m , j/ m ) 
is symmetric. However, the fact that the variables are ordered determines y couples 
(■ s i) s 2), (S3, S4) • • • , (s m _i, s m ), such that the second element in each couple is greater 
than or equal to the first one. Concerning the variables y^ we also have y couples 
2/(2)), • • • , y{m)) satisfying the same property. 

The key point of the proof relies in factorizing the product in the first part of the 
right-hand side of (13T!) into two convenient products: 

m m 
2 2 

IJ (l [ s , s y(s ij )l [xo ^ )] (?/i J )/(s ij ,?/ ij )) Y[ (l[ S0 ,s' ](s rh )l[ X0 , x ' ](y rk )f(s rk ,y rk )) , 

3=1 k=l 

where I = {ij, j = 1, . . . , y} and 1Z = {r k , k = 1, . . . , y} are two disjoint subsequences 
of {1, ... , m}. In particular, it holds that XtfclT?. = {1, . . . , m}. These subsequences will be 
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chosen using the following rule: any couple (sj, Sj+i) will contain an element of the form 
and one of the form s rk , and any couple (2/(i), 2/(i+i)) will contain an element of the form 
Ui j and one of the form y rk . For this, we will split the m elements f(si,yi), . . . , f(s m , y m ) 
in two groups of y elements: 

^ = \f( S hl 2/il), • • • 5 f{ S im , Vim)}, 

= {/(^rn 2/ri); • • • ; f( s rm j 2/rm)}' 

In order to determine the elements of each group, and such that the above condition is 
satisfied, we proceed by an iterative method: we will start with an element of A and we 
will associate to it an element of B satisfying what we want; then, to the latter element 
of B we will associate a suitable element of A, and so on. More precisely, we start, say, 
with f{si l ,yi 1 ) = f(si,yi). Then, if at any step of the iteration procedure we have an 
element /(sj, G A, we will associate to it an element f(s rk ,y rk ) G B in such a way 
that {sj.,s r& } forms one of the couples (sj,s i+ i). On the other hand, if at any step of 
the iteration procedure we have an element f(s rk ,y rk ) G B, then we will associate to it 
f(si,,yi,) G A such that {yij,y rk } determines one of the couples (2/(4) , ) ■ The only 
thing that remains to be clarified is what we are going to do in case that, at some step, 
we end up with and element of A or B which has already appeared before. In this case, 
we do not take the latter element, but another one which has not been chosen by now. 

Let us illustrate the above-described procedure by considering a particular example: 
let m = 8 and assume that we fix y\ , . . . , y$ in such a way that 

2/s < ys < y* < vi < yi < y% < 2/2 < 2/3, 

that is: 

2/(1) = 2/8, 2/(2) = 2/5, 2/(3) = 2/4, 2/(4) = 2/7, 
2/(5) = 2/1, 2/(6) = 2/6, 2/(7) = 2/2, 2/(8) = 2/3- 

Recall that we assume that si < ■ • ■ < sg. We start with /(si,2/i) £ A Then, the 
iteration sequence will be the following: 

f(si,yi) > /(s 2 ,2/2) ► f(s3,y 3 ) ► f(84,Vi) 

— ► 7(57,2/7) — ► JOs,2/8) — ► /(s5,2/s) — ► f(s6,ye) 

Thus, A = {/(si,2/i),/(s3,2/3),/(s7,2/7),/(-S5,2/5)} and £ = {/(s 2 , 2/2), /(s 4 , 2/4), /(s 8 , 2/s), 
/(s 6 ,?/ 6 )}. In particular, any couple (sj, s^+i) (resp. contains one s (resp. y) 

of the group A and one of S. 

We can now come back to the analysis of the right-hand side of ( 13T1) and we can use 
the above detailed procedure to estimate it by 2 m ~ 1 (soXo)^ ml (Ji + J2), with 

Ji = n m }7 (l[ S0 ,4](s ij )l [:Eo ^ ] (?/ ij )/(si j ,t/ ij ) 2 ) 

^[0,T] m x[0,l] m ijgJ 

x exp {-nx [(s m - s m _i) H h (s 2 - s x )]} 

x exp {-ns [(2/(m) - 2/(m-i)) + ■■■ + (2/(2) - 2/(i))]} 
x l{ Sl <...< Sm ydsi ■ ■ ■ ds m dyi ■ ■ ■ dy m . 



19 



■h = n m \ Yl ( 1 [-0,«y( S r h )l[*o,*a(yr fc )/(Sr hJ yr fc ) 2 ) 

x exp {-nx [(s m - s m _i) H h (s 2 - 

x exp {-ns [(y (m) - y {m -i)) + ••■ + (2/(2) - 2/(1))]} 
x l{ sl <...< Sm }dsi • • • ds m dyi ■ ■ ■ dy m . 

We will only deal with the term J\, since J2 can be treated using exactly the same 
arguments. The idea is to integrate in J x with respect to s rk ,y rk , with r fc G 7?., for 
= 1, . . . , y. Recall that the variables s rfe (resp. y rfc ) have been chosen in such a way 
that they only appear once in each couple (sj, (resp. (?/(*)) Observe that we 

have, for any /c = 1, . . . , —, 

To 1 
/ exp {-nx (s rk - s^} h Si < Srh }ds rk < C- 
Js n 

or 

r'° 1 

/ exp {-nx (s i+1 - s rk )} l{ Srk <s i+1 }ds rk < C-, 

J S n 

for some and Sj+i, depending on which position occupies s rfc in the corresponding couple. 
For the integrals with respect to y Tk one obtains the same type of bound. Therefore, 

Ji<C m Y[ C 1 ^^) 1 ^^!^)/^'^) 2 ) ' ' ' ds i^ d Vh ■ ■ ■ dVirn 

J [0,T]^r x[o,l]^r - =1 2 2 

T* 1 — 

As it has been mentioned, one can use the same arguments to get the same upper bound 
for J 2 . Hence, the right-hand side of (13TT) can be estimated by (|32l) . and this concludes 
the proof. 

□ 



5 Convergence in law for the Donsker kernels 

In this section, we aim to prove that the hypothesis of Theorem ll.4l are satisfied in the case 
where the approximation sequence is constructed in terms of the Donsker kernels. Namely, 
we consider {Z k , k e N 2 } an independent family of identically distributed and centered 
random variables, with E(Z%) = 1 for all k e N 2 , and such that E(\Zk\ m ) < +00 for all 
k G N 2 , and some even number m > 10. Then, for all n > 1 and (t, x) G [0, T] x [0, 1], we 
define the kernels 

9 n (t,x)=n ^2 Z k l[fc 1 -i,fe 1 )x[fc2_i ife 2)(tn, xn). 
fc=(fc 1 ,fc 2 )eN 2 
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Let us remind that the approximation sequence is given by 



X n (t,x) 



t r l 



J 



G t - S {x,y)6 n {s,y)dyds, {t,x) G [0,T] x [0,1]. 



(33) 



Recall that Hypothesis 11.11 is a consequence of the extension of Donsker's theorem to 
the plane (see, for instance, [37]). On the other hand, we have the following result: 

Lemma 5.1 Let 8 n be the above defined Donsker kernels. Then, there exists a positive 
constant C m such that, for any f G L 2 ([0,T] x [0, 1]) ; we have 



E 



for all n > 1 . 



T rl 



o Jo 



f(t,x)9 n (t,x)dxdt) < C, 



T r l 



JO 



f 2 (t, x) dxdt 



(34) 



Remark 5.2 Notice that, taking into account that m > 10, inequality [34\ ) implies both 
Hypothesis ! 1.2\ and \1.3l so that the hypotheses of Theorem \l.J\ are satisfied for the Donsker 
kernels. 



Proof of Lemma I5.il 

First, we observe that we can write 



E 



J 

Jo, 



T rl 



JO 



f(t, x)6 n {t 1 x)dxdt J 
f{ti,xi) ■ ■ ■ f{t m ,x m )E 



(35) 



'[0,T] m x[0,l] r 

By definition of 9 n , 



l[e n (t 



3 i X ji 



dti ■ ■ ■ dt m dxi ■ ■ ■ dx r 



E 



JJOnitj^Xj) 



i=i 



n m E 



n 



j=i yfc=(fc 1 ,fe 2 )eN 2 

m 

E(Z kl ■ ■ ■ Z km ) Yl (l[fci-i,fci)(*in)l[^-i,^)(^w)) • 



ki,...,k m £N 2 



Notice that, by hypothesis, E(Z kl ■ ■ ■ Z km ) = if, for some j G {1, . . . , m}, we have that 
kj 7^ ki for all / G {1, . . . , m} \ {j}; that is, if some variable Z k . appears only once in the 
product Z kl ■ ■ ■ Z km . 

On the other hand, since E{\Z k \ m ) < oo for all k G N 2 , then E(Z kl ■ ■ ■ Z km ) is bounded 
for all fci, . . . , k m G N 2 . Hence, 



E 



.3=1 



m 

<n m C m II ( 1 [fe 3 1 -i,fcj)( t i n ) 1 [fc|-i,fe J 2 )( 



XjU) j , 



(fc 1 ,...,fe m )eA m j=i 
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with 

A m = {(k u ...,k m ) G N 2m ; for all I G {1, . . . , m}, k t = kj for some j G {1, . . . , m} \ {/}}. 
Notice that we have the following estimation: 

m 

S II ( 1 [*)-i.fc})(*i n ) 1 [*?-i^)( a: i n )) - lD™{ti, ■ ■ ■ ,t m ;xi, . . . ,x m ), 
(fei,...,fe m )eA»" i=i 

where D m denotes the set of (ii, . . . ,t m ;xi, . . . ,x m ) G [0,T]' m x [0, l]' m satisfying the 
following property: for all I G {1, . . . , m}, there exists j G {1, . . . , m} \ {/} such that 
\tj— ti\ < - and \xj — Xi\ < - and, moreover, if there is some r ^ j,l verifying \ti — t r \ < - 
and \xi — x r \ < -, then It,- — 1~\ < - and \xj — x r \ < -. 

Next, observe that we can bound Id™ [ti, ■ ■ ■ , t m ; x±, . . . , x m ) by a finite sum of products 
of indicators, where in each product of indicators there appear all the m variables ti, . . . , t m 
and all the m variables but each indicator concerns only two or three of 

them. Moreover, each variable only appears in one of the indicators of each product and, 
whenever we have some indicator concerning two variables tj and ti, (respectively three 
variables tj, U and t r ),we have the same indicator for the variables Xj and xi, (respectively 
for the variables Xj, x\ and x r ). Therefore, expression (1351) can be bounded by a finite 
sum of products of the following two kinds of terms: 

(i) For some l,j G {1, . . . , m} such that I ^ j, 

C m n 2 l \f(ti,xi)\\f(tj,Xj)\l, i)(\tj-ti\)lr lMxj - xi\)dtjdtidxjdxi. (36) 

J[o,r]2 x [o,i] 2 



(ii) For some l,j, r G {1, . . . , m} such that I j, I ^ r and r ^ j, 

C m n 3 / \f(ti,xi)\\f(t jt Xj)\\f(t r ,x r )\ 

</[0,T]3x[0,l] 3 

Xl[ ,i)(|*i - ti\)l [0 ^(\ti - *r|)l[0,i)(l*i -*r|) 

xl^i^Xj — Xi\)l^i^(\xi — x r \)l[ 0) i-)(\xj — x r \)dtjdt[dt r dxjdxidx r . 
Then, it turns out that, in order to conclude the proof, it suffices to bound the first type of 

3 

term (i) by C m J f Q f 2 (t, x) dxdt and the second one (ii) by C m ( f Q J Q f 2 (t, x) dxdt) . 

Let us use first the fact that, for all a, b G M, 2ab < a 2 + b 2 , so that a term of the form 
( 1361) can be bounded, up to some constant, by 

C m n 2 / f 2 (ti,xi)l, iMtj - ti\)l, iMxj - xi\)dtjdtidxjdxi 

i[0,T]2x[0,l] 2 

< C m I [ f 2 (t,x)dxdt. 
Jo Jo 
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On the other hand, using that for all a, b, c G M + , 2abc < [ah 2 + ac 2 ), we can study the 
terms of type (ii) in the following way: 

C m n 3 / 1/(^,^)11/(^,^)11/(^,^)1 

^[0,T] 3 x[0,l] 3 

Xl[ i)(l*i-*j|)l[0,i)(l*l-*r|) 1 [0^)(l*i _tp l) 

x lp^d^ — a?j|)l[ 0) i)(|a;j — cc r |)l[ 0) i-j(|a;j — x r \)dtjdtidt r dxjdxidx r 

< C m n 3 [ WuxfilFfaxj) 

J[0,T] 3 x[0,l] 3 

Xl[0,i)(l^-*j|) 1 [0,i)(l*i-*r|) 1 [0,i)(l*i~^l) 

xl^i^(\xj — Xi\)l[ 0t i)(\xi — x r \)l^i)(\xj — x r \)dtjdtidt r dxjdxidx r 

< C m n / \f(ti t xi)\f 2 (tj,xj)l, i.)(\tj - tt\)l< lMxj - xi\)dtjdtidxjdxi 

/[0,T]2x[0,l] 2 

= C m n J j \f{ti,xi)\(J J f 2 {tj,Xj) l[ A)(fe - ti\)l[o±)(\ x j - xi\)dtjdxj\ dtidxi. 

At this point, we apply Cauchy-Schwarz inequality, so that the latter expression can be 
estimated by 

C m n^J J f 2 (ti,xi) dtidxi 
T r l / r T rl 

2/ 





/ (tj,Xj)l [0 iMtj - ti\)l [Qt iMxj - xi\)dtjdxj dtidxi 

ht JO \J0 JO / 

= C m n(J^ J f 2 (ti,xi)dtidxj\ 

x( / f 2 (tjiXj)f(t P ,x P ) 2l [oM\tj ~ ti\)hoM\xj -xi\) 

V^[0,T]3x[0,l] 3 

1 

xl [0 i.)(|tp - ti\)l [0} ^(\x p - xi\)dtjdtpdtidxjdx p dxij 2 

< c m qt j f{t,x)dxdty . 

This finishes the proof of the lemma. □ 



A Appendix 

In this appendix, we give a sketch of the proof of Lemma 12.31 and discuss the relation 
between our results and those of Manthey in |24j (see also [25]). 

Proof of Lemma \2. 6 3[ As we have already pointed out, we will only give the main lines 
of the proof. 
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Let / £ E and h £ C 1 (M) having a bounded derivative. We aim to prove that, for any 
r] > 0, it holds 

\E[h(J n (f)))-E[h(J(f)))\< V , (37) 

for sufficiently big n. For this, the idea is to consider an element g in D which is close 
to / with respect to the norm || • ||. Then, one splits the left-hand side of (1371) in several 
terms, which can be easily treated using the following facts: 

1. When / is replaced by g, we have that the left-hand side of (!37|) converges to zero, 
by hypothesis. 

2. One keeps control of the remaining terms using that h defines a Lipschitz function 
and that and flU hold. 

□ 



Relation with Manthey results 

In [21], the author considers the family of processes {X n , n £ N} such that each X n is 
the mild solution of the equation 

dX d 2 X 

-Qf(t,x) - -Q^r(t,x) = 9 n (t,x) t (t,x) £ [0,T] x [0,1], 

with null initial condition and Dirichlet boundary conditions. The processes 9 n are cor- 
related noises satisfying the following conditions: 

(i) For all (t,x) £ [0,T] x [0,1], 

ft fX 

/ / n (s, y) 2 dyds < oo, a.s. 
Jo Jo 

(ii) For each m £ N and (tx,Xi), . . . , (t m , x m ) £ [0, T] x [0, 1], the random vector 

/ / 9 n (s,y)dyds,..., / 6 n (s,y)dy\ 
Jo Jo Jo Jo J 

converges weakly to (W(tx, Xi), . . . , W(t m , x m )), where we recall that {W(t, x), (t, x) 
£ [0, T] x [0, 1]} denotes a Brownian sheet. 

(iii) For all (t,x) £ [0,T] x [0,1], E[6 n (t,x)] = 0. 

(iv) There exists n £ N such that 

"t PX 



ft fX 

sup / / \E[8 n (s, y)9 n (t, x)] | dyds < oo. 
«>«o Jo Jo 



(t,x)e[o,T]x[o,i] 
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Under these hypotheses, it has been proved that X n converges weakly, in the sense of 
the convergence of finite dimensional distributions, to the process X which is the mild 
solution of 

dX d 2 X 

— (t,x) - -^(t,x) = W(t,x), (t,x) G [0,T] x [0,1]. 

Furthermore, it is showed that, if the processes 9 n are Gaussian, the convergence also 
holds in C([0, T] x [0, 1]). These results are extended to the quasi-linear equation (J2J) in 



First, it is worth pointing out that one can easily see that condition (iii) is not essential 
in the proof. Moreover, in Manthey's result, condition (iv) is stated in a weaker form, 
though we believe that, in his proof, the statement which has been used is indeed condition 
(iv) as stated above (see the last inequality in p. 163 of [21] )■ 

Secondly, one can easily see that condition (iv) stated above implies Hypothesis 11.21 
with q = 2. Therefore, the hypotheses assumed in Proposition 13.11 (which assures the 
convergence of the finite dimensional distributions) are weaker than (i)-(iv). 

Eventually, processes 9 n given by the Kac-Stroock processes and the Donsker kernels 
are not Gaussian so that, if conditions (i)-(iv) were satisfied, using Manthey's result 
only convergence of the finite dimensional distributions could be obtained. In fact, it is 
straightforward to check that the Donsker kernels satisfy these conditions, but condition 
(iv) fails for the Kac-Stroock processes. This is proved in the following lemma: 

Lemma A.l Assume that {9 n (t,x), (t,x) G [0,T] x [0,1]}, n > 1, is the Kac-Stroock 
process (Tj|). Then, the family {6 n , n G N} does not satisfy condition (iv) above. 

Proof: We will show that, when 

9 n {s,y) = n^y{-l) N ^\ 

then the quantity 

\E[9 n (s,y)9 n (t,x)]\ dyds 



10 Jo 

is not uniformly bounded in n, t and x. Indeed, it holds 

f [ l \E(9 n (s,y)9 n (t 1 x))\dyds= f [\ 2 ^E E [(-1) N ^ +N ^] dyds. (38) 
Jo Jo Jo Jo 

Owing to the proof of [HI Lemma 3.1] (see also [5J Lemma 3.2]), we have that 

E = e -2n[(t-s)x+(x-y)s] l {g < t y < x} + e -M{ts)x+(v-x)»] l^^j 

+ e -2n[(-t)y+(«- W )t] l^^j + e -2nl(s-t)y+(y-*)t] l {s ^ y > x} . 



Then, expression (|38|) is the sum of four positive integrals. It is clear that one of them is 
given by 

I(n,t,x)= I [ n 2 y/slJEe- 2n[{t - s)x+{y - x)s] dyds. 

J0 Jx 
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We will check that this integral is not uniformly bounded. In fact, 




= VTe~ 2T J J ^e 4s e- 2zs dzds. (39) 

Let us apply the change of coordinates v = sz, for any fixed s, and then Fubini Theorem 
in the last integral of ( 1391 . so that we end up with 

p+oo / pvAT i \ 

sup I{n, t, x) > VTe- 2T / y/ve~ 2v ( / - e 4s ds ) dv, 

n,t,x Jo \Jo S J 

and the latter is clearly divergent. This fact concludes the proof. □ 
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